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ABSTRACT 

This paper describes structural reltability developed from an assumed flaw 
simulation scheme combined with an idealized linear elastic fracture mechanics 
model. ln the reliability computation, it has been demonstrated that application 
of this scheme c2n provide a sensitivity analysis in relation to flaw detection 
capabilities. To demonstrate the versatility of the method, reliability numbers 
were obtained for both a simply loaded fragmentation shell and an antitank projec­
tile subjected to a complex stress state. The flaw simulation scheme re~ults are 
compared to corresponding reliability determinations from conventional Weibull 
and Warner stress-strength diagram methods. 

The reliability definitions associated with the scheme require a probability 
density function representation of the material strength and stress distributions 
for each structural element. A density function representation of the allowable 
stress (strength) is obtained from fracture mechanics Krc relationships in con­
junction with the Monte Carlo method where a specific random form of the parame­
ter is assigned. Crack orientations are assumed to vary in a uniform random 
manner with respect to the principal axis and its normal. The crack size varia­
tion is defined in exponential functional form where the sizes vary from a large 
number of very small cracks to a relatively small number of larger cracks. The 
structural configuration determines the type of crack and its location. It is 
assumed that flaws exist in the structural elements and are remote from any other 
flaws. A normal density function represented element stress variability where 
the mean stress was obtained from an axisymmetric analysis using a unique finite 
element code. Perturbations of the coefficient of variation for the assumed nor­
mal distribution monitored the effects ot errors in the finite element solution. 

Both the "weakest link" and series-parallel system are evaluated for desir­
ability in estimating structural reliability. The weakest link approach, which 
introduces reliability independence between elements, will thereby describe a 
much more conservative reliability estimate than the series-parallel system which 
requires at least two adjacent elements to fail in order to have structural 
failure. 

Examining the reliability computation for both structures as a function of 
assumed minimum detectable crack sizes indicated the importance of determining 
relqtively small cracks to obtain acceptable reliability. 
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INTRODUCTION 

Present linear elastic fractur e mechanics (LEFM) procedures as applied to structural 
reliability de pend on determination of critical c rack sizes by using proper Krc (fracture 
toughne ss) relationships in conjunction with known stress distributions in the structure.! 
In obtaining critical size , it is a s sumed the c racks are orientated normal to the max1mum 
principal stress. Onc e the critical crack s i zes and locations are established, a non­
destructive t e st (NDT) procedure i s app lied t o the structure to de termine if this crack 
exists. If a c r itic al crack i s l oc ated, the s truc ture is rej ec t ed. It should be noted 
that an excessively large rejection rate can occur by applying this method sinc e the 
probability of the assumed c rack orientation i s ve ry small .2 Another objection to the 
LEFM procedure is the inabil i t y o f NDT methods to de tect crac ks l e ss than a certain 
s1 ze ( e .g. , 0 . 10 inc h).* If the critical size is c omputed to be less than this size 
the n the LEFM procedure may no t be able to de t e rmine potential failure 1n the structure. 

The uncertainties exi sting 1n the use of the analytic tools, such as finite element 
(FE) analysis , in obtaining the s truc tural stress distribution can introduce consider­
abl e error in obtaining the critica l flaw size. For exampl e, the accuracy of the FE 
solution depend s on the seve rity of stress grad ients , mesh s ize , types of elements 
used , and the e ff ects of ave r ag i ng stresse s within the element . The refore, it is impor­
t ant t o recognize e l ement stre s s variability in e s tablishing structural reliability . 

The flaw s imulation scheme (FSS) introduced in this pape r attempts to provide 
alte rnatives t o the conventional me thods described above. The FSS procedure doe s not 
de sc ribe exact reliability numbe rs but rathe r de t e rmines the effects of flaw de tection 
capabilities and s tre ss computati on errors. Applying this s ens itivity analysis also 
de t e rmines whic h possible parame tric e rror s most a ffect the r e liability computations. 
For example , if Krc numbers obtained from laborator y test re sults indicated a 15 per­
c ent coe ffici ent o f variation ( CV ) and the r esul t ant reliability c omputation was 0.850 
versus 0.999 f or an assumed CV of 5 percent , the n one should attempt to reduce the 
variability in thi s paramete r . 

In using the Monte Carlo method,J the f law s imulat i on scheme provides for variat ions 
in crack orientati on and size in addition to computed stre ss values in the structure. 
Crac k orientations are assumed t o vary from 0° t o 90° in a uniform random manne r. The 
crac k s ize variat i on is defined in exponential functional form whe r e size vari e s from a 
l ar ge numbe r o f ve r y small c racks t o a relative l y small numbe r of larger de t ec table 
c rack s .t The types o f cracks and the ir locations are the through-center crack, near 
cut-out edge , corne r crack, and s ur f ac e crack (c e nt e r) . The structural configuration 
det e rmines the type s of cracks and their locati ons. 

The stre s s val ue s obtained f or a cracke d s truc tural e l ement is assumed t o be a 
normal distribution wh e re the CV is varied in o rde r t o dete rmine the effect o f e rrors 
in the FE analys i s. 

*HASTINGS, C. H. Army Materials and Mechanics Research Center, Watertown, Massachusetts, NDT Industrial Applications Branch, 
Personal Communication. 

!·SMITH, J. M. Army Materials and Mechanics Research Center, Watertown, Massachusetts, NDT Industrial Applications Branch, 
Personal Communication. 

1. BLUHM, J. 1., and FREESE, C. E. Crack Inspection Maps· An Application to Copperhead. Presented at the Army Symposium 
on Solid Mechanics, Bass River, Massachusetts, 3-5 October 1978; also Army Materials and Mechanics Research Center, AMMRC MS 78·3, 
October 1978, p. 307-319. 

2. TETELMAN, A. S., and BESUNER, P. M. The Application of Risk Analy sis to the Britile Fracture and Fatigue of Steel Structures. 
Proceedings of the Fourth International C-Onference on Fracture, Pergamon Press, New York, v. 1, June 1977, p. 137-156. 

3. SHREIDER, Y. A. The Monte Carlo Method. International Series of Monographs in Pure and Applied Mathematics, Pergamon Press, 
New York, v. 87, 1967. 
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The FE code used in obtaining st r e ss values utilizes an 8- nod ed isoparametr i c 
element with subs truc turing capabilities. Each e l emen t c ontains 16 degrees of freedom 
with the complete s tructure represented by a minimum of 3000 degr ees of freedom. In 
the s ubstructur ing procedure , the stiffness matrix soluti ons a r e modified in the reduc­
tion process to provide s e lec ted ind ependent de t e rmination of the displacement coeffi­
cients. 

The loading conditi ons a pplied t o t he structures used in demonstrating the applica­
bility of the FSS are only ap proxima tions. The r e fo r e, one should no t assume any level 
of quality assurance of eit her the f r agmentati on s hell or the anti tank projec t ile (ATP). 

TYPES OF STRUCTURE S CONSIDERED 

The model problems cho sen to illustrate the technique proposed in this pape r are 
the determination of struc ture reli ability for the ATP con t ro l s ec tion ( Figure 1) and a 
fragme n tation she ll (F i gure 2). Both st ructures a re made from relatively high strength , 
brit t l e stee l s. The proj ec tile c ont rol secti on is subj ected to rela t ively large com­
pressive loads at the a ft sec tion and tensil e stresses in the vicini t y of t he cut-out 
region where the fins are attac hed. The fragmentation she ll is inte rnally loaded with 
a uni form pressure of 14 ksi. Thi s load r epr esents a proof t es t used in eva luating 
shel l qua lit y. Reliability de termina tion of the contro l s ect i on provided the oppor tu­
nity t o evaluate the series - parall el sys t em approach because o f the compl ex s tress 
state introduc ed by the r e l a tively l a r ge tens i on and compressive s tres ses in the 
structu r e . The weakest link approach is more readily adap t ed t o the f ragmentat i on 
shell l oad ing state. 

1--- --·- ..J.__ I -+t Aft Seeker Eleclronic I -··;arhead - -- -· - - - \Vings-- · · zo~tr~ l - - · ; i~s 1 -Closure 
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Figure 1. Antitank projectile configuration. 
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Figu re 2. Cross-sect ional view of 
fragmentation shell. (1) Ogive, 
(2) Bourrelet, (3) Inside Radius, 
(4) Thread Relief , and (5) Rear 

of Base. 



STATISTIC EVALUATION OF VARIABLE STRENGTH 

The lack of ductility characteristic of brittle materials has two undesirable 
consequences for the engineer_ First, any misfit or misalignment produces locally high 
stresses which cannot be relieved by plastic flow, unlike ductile materials_ Brittle 
component designs differ from those for similar ductile components in that extra atten­
tion must be paid to detail, especially in highly stressed areas_ The second conse­
quence is more fundamental; all materials contain flaws such as microscopic cav1t1es 
and dislocations_ In loaded brittle materials, these flaws result in local stress con­
centration within the material_ The strength of a component is governed by the chance 
that a severe stress concentration (c) will be subjected to a stress (o) such that the 
local stress co exceeds the material strength_ The occurrence of this is a matter of 
chance and explains the marked variability generally observed in brittle material 
strengths_ It also explains why brittle material failures may start away from the 
maximum stress, and failure may occur at a severe flaw subject to a lower stress at a 
position where co is a maximum_ 

To overcome the strength variability by drastically reducing the applied loading 
1s not an attractive engineering proposition What is needed is an estimate of the 
likelihood of failure of the component under a specified load. This requires a de­
tailed knowledge of the stresses in the structure and the flaw distribution in the 
material. Well-established techniques are available for the stress analysis, some of 
which are mentioned later_ The variation in material strength due to flaws in a par­
ticular material can be illustrated by fracture tests on a sample of specimens_ A 
histogram of the fracture stresses of both brittle and ductile material subjected to 
uniform tension is shown in Figure 3a; the frequency of failure (Ff) is the fraction of 
the sample failing within the stress range o to o+oo. In the limit, as the number of 
specimens (N) becomes large, the str~ss interval (6o) in Figure 3b can be reduced to 

Ductile Material 

(a) Figure 3. Probability of failure distribution. 

LD 

0 (b) 
Slress u 
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give a continuous distribution curve. 
of the brittle material as compared t o 
test specimens. Structures with large 
the br i ttle mate rial strength , r equi re 
c edure s. 

No t e the relative l y ~arge varia tion in strength 
the corresponding ductile mate rial of similar 
variations in mat e rial s tre ngth, a s shown for 
a probabilistic approach in the des ign pro-

A compl ementary form o f Figur e 3a i s ob tained if the data is presen t ed in terms of 
the c umul a tive failure probability (Pf). This quantity is the fracti on of the sample 
failing at or below the stress cr; i n the limit it is the int egral o f the frequency dis­
tribut i on with respect to stre ss , i. e., 

In practic e, the estimated cumulative f ailure probabi l ity is us ua lly f ound f r om the 
data using the "mean ranking" approac h . The N failure stresses o f the sample are 
arranged in a scending order: the c umulative failure probability associ a t ed with the 
ith failure stress in the list i s 

The probabi l ity distribution of the da t a can be plotted from thi s (see Figure 3b). 

CONVENTIONAL FRACTURE MECHANICS APPROACH TO STRUCTURAL RELIABILITY 

(l) 

(2) 

Fr acture mechanics in the design proc ess requires the c onsider ation of t hree factor: 
a s tre s s analysis, a measure of Kr c, and t he capability of. i ns pecting for c racks. The 
stress analysis can require elabora te a na lysis using advanced FE or s impl e r cl osed form 
solutions depending on loading condit i on s and structural geometry . Deter mi nations o f 
the plane s train fracture t oughness of a ma t e rial are nece s sary unde r a sufficiently 
wide varie ty o f c onditions to all ow r ea li s tic assessme nt of the minimum range of values 
like ly t o be encountered in de sign conditions. Some o f the c r ac k de t ection technique s 
includ e ul t rasonic s, dye pe ne trants , magne tic particles , and v i sua l inspec tion. 

Ana l yti call y , the critical f l aw s ize i s defined by an express i on of the type shown 
be l ow: 

Whe r e : 

f (Q, KIC' a) 

critical flaw depth, 

Q a parameter which takes into ac count the shape of the flaw, 

KIC plane strain fractur e toughne ss o f the mate r i al , and 

a the tensile component o f s t ress acting normal to t he plane 
of the flaw. 

(3) 

The critical flaw de pth , on t he bas is o f the frac t ur e toughness a nd stress factor s , 
c an r e sult in catastr ophic c rack pr opagation. It shou ld be no t ed tha t o , a s defined 
a bove, as s ume s the flaw is norma l to t he ac ting s tress ( see Fi gure 4). This assumption 
re j ects t he po s s ibilit y that the fl aw cou ld be oriented i n o the r d i r ect i ons, thereby 
neg l ecti ng obvious possibi l ities i n favor of a n unlikely one. This cou l d r e sult in in­
cor rect l y de t e rmining critica l f l aw size ac. Present f law de t ec tion me thods in many 
i nsta nc e s ar e not capabl e o f de t ec t i ng cr itica l flaws of a re l a t i ve l y sma ll size. In 
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Th ru Edge Crack 
a-= 0. 8 a- ys 

Ideal ized Simulalion 

Figure 4. Conventional single-valued 
crack orientation. 

fact, comment s by Hastings indicat e flaws less than 0. 1 inch may not be found in a 
structure. Of course, the other diffic ulties involve not being able to f ind a detect­
abl e flaw in a structure although it does exist. 

FLAW SIMULATION METHOD 

An alternative to the previous ly described conventional fracture mechanic s approach 
is made by introduc ing variation in c rack orientation and length by means of the Monte 
Car l o method. Initially, four types of cracks are to be considered in an element (see 
Figure 5). The t ype and l ocation of cracks depend s on the structural configuration . 

In the simula tion scheme the allowable uniform s t ress a f r om Kic relationships is 
written as: 

(4 ) 

whe r e : crack l ength and 

a angle of inclination of crack ( see Fi gure 6d). 

It is assumed that Oc r e presents the material s tre ngth and de pe nds on the parame t e rs 
Krc, £, 9. The va riations in Krc a re represent ed by a normal probability density function 
(PDF) (Figure 6a) . The angle a is r e pre sented by uniform random numbers in the range 
of 0° to 90° (Figure 6b). The distribution of s i ze s a i s of an e xponential PDF f orm 
s hown in Figure 6c . The oc di s tributiqn is obt a ined from generating a set of uni fo rm 
numbers and solving f or x in the r e lation, 

X j fi = R, ( 5) 
-"" 

where R ~ uniform r andom numbe r and f i correspond s to the desire d type of fr eque ncy 
dist r ibution. The Krc distributi on r equires t e st results for the mat erial used in the 
s truc ture in orde r t o obtain the nec e ssary mean and standard devia t ion values . In 
Figure 6c, the max imum c rack l eng th £2 is represented by the sma lles t detectabl e c rac k 
cons i s t ent with the c apabi li t y o f present l y available NDT methods . The assumed distri ­
bution o f crack s izes has been s ubs t ant iated by McClintock4 and Smi th.* 

*SMITH, J . M. Army Materials and Mechanics Research Center, Watertown, Massachusetts, NOT Industrial Applications Branch, 
Personal Communication. 

4. McCLINTOCK, F. A. Statistics of Brittle Fracture. Fracture Mechanics of Ceramics, v. 1, Plenum Press, New York , 197 3, p. 93·114. 
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A PDF can be obtained for the allowable st re ss Oc by r andomly s e lecting from Krc, 
a and Q distributions di sc r e t e s e ts o f numbers and s ubs tituting them into Equation 4 . 

No te, t here s hould be an e qual amoun t o f N random numbe rs f o r each parame ter to have N 
numbers rep r esenting the Oc dist r ibut ion . 
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The Krc relationships for ac are written as: 

where: 

where: 

(a) Through crack 

a = K (2/~)l/2(t sin2e)-l/2 
c IC 

KIC = (Kj + Kji) l/2, 

K1 = a(~n/2) 11 2sin2e, and 

K
11 

= cr(tn/2)l/2sin8cose. 

(b) Corner crack 

crc = K1C/(2(1.28)(l/~) 1 1 2 ). 

(c) Surface crack 

crc = K1c/l.l(na/Q) 1/ 2 

Q = E(K) 2 - 0.212(a/a ) 2 , ys 

E(K) = complete elliptical integral of the second kind, 

(a/l) 2 , 

0 < aS 0.10 inch , and 

0 < £ < 0.05 inch. 

(6) 

(7) 

(8) 

The ac relationship for the inclined edge crack was obtained from application of a 
modified mapp i ng collaction sc heme. * The r esult s are pre sented in Table 1. The a ppro­
priate interpolation procedure was applied t o use the Monte Carlo method as outlined in 
Equation 4. 

Table l. INCLINED EDGE CRACK SOLUT ION 

~----------____,_-, 

l ~ ~ 
e Hn = Kr/M Ho = Kn /ITIT 

0 0.000 0.000 
10 0. 150 o. 170 
20 0.295 0.280 
30 0.461 0. 335 
40 0.680 0. 372 
45 0. 705 0.365 
50 0 . 781 0.354 
60 0. 920 0.305 
70 1. 028 0.224 
80 1.098 0. 118 
90 l. 124 0.000 

*FREESE, C. E. Army Materials and Mechanics Research Center, Watertown, Massachusetts, unpublished results. 
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STRUCTURAL STRESS ANALYSIS 

A finite e l eme nt analysis was appl ied to ob t ain the s tress distributions in the 
ATP and f ragmen ta tion shell. The loading consists of a set- back compre ssive load acting 
at the base of the ATP and an inte rnal pre s sure (proof-test load) appl i ed t o the shell. 
Rectangular elements were used in the analysis for both structures where the s hel l 
contains 693 elements and the ATP contains 601 elements. The FE solution dete rmines 
the ave rage maximum and minimum principal stresses in each element. The maximum stress 
is used in the reliability dete r1ninations. These stresses should not be confused with 
critical stresses obtained from t he Krc re l ationships previously descri bed. Having 
obtained t he element stresses and corresponding ac or strength values, r e liability of 
the elements can be determined. 

ELEMENT RELIABILITY CALCULAT ION ME THODS 

Element reliability as rela ted to the stress-strength (Warne r ) d i agramS method 
(see Appendix A) assumes that the probabi l ity o f surv i val (re liability) i s the probabil­
ity that material strength will be greate r than the st r ess in a given structural e lement 
over a range of stress values. The uncer taintie s in the FE solution are represented by 
a normal distribut i on f2, where t he ca l culated mean stress and the assumed CV are the 
func tional parameters. The distr ibution f1 is obtained from known strength da ta (e.g., 
laboratory t e sts). This distribution doe s not necessarily have to be a normal function. 
It c an be any PDF that accura tely represe nts t he empirical ranked data. In Appendix A, 
the probability of S1 occurring i s f2(Sl), wh i l e the probabili ty of s tr ength greater 
than sl is repr esented by the integral, with fl the i nteg r and and l i mi ts of sl and 
Multiplication o f the se e l ement s provides the neces sary independe nce be tween the t wo 
conditions. Fi nal l y, integra tion ove r t he en t ire range of stress va lue s de fines proba­
bilit y of s urvival P5 of each element. 

Eleme nt reliability numbers we r e a l so obt a ined from an approach s imilar t o the one 
prev ious l y de scribed except that discre t e va lues obtained from FSS were used to repre­
sent crc · El ement des i gn stress i s norma l l y r epr e sen t ed in the same manne r except dis ­
tribut ed numbe r s are obtained from the new stres s and assumed CV. Th i s i s a reasonable 
approach s ince dist r i bu tion of streng th va l ues do not nec essarily conform to any known 
de nsi ty funct i on . The tails of the two de ns ity funct ions are mor e accuratel y repre­
sented than by some c rude approximating function . Th i s method is outlined in Appendix 
B where the probability of element survival is def ined as follows: ai = 1, when 
strength i s g r e ate r than s tress va lues, o the rwi se it is zero. This proce ss is completed 
when all c ombinations are considered. The r e l ationship PsK therefor e defines the Kth 
element reliabi li ty number. 

The We ibu ll sta tisti c was used for comparison purposes i n obtaining e l ement reli­
abi l ity o f the fra gme ntation she ll. Thi s procedure is r ecommended for brittle ma terials 
subj ected to the uniform tension state, whi ch i s cons i s t e nt wi t h t he struct ura l load s 
a nd mate rial desc ribed f or the s he ll . The We ibu ll6 PDF i s commonly used i n ceramics 
and other br ittle mate rials eva luation . It emp loys the weakest l i nk concept which i s 
consis t en t with failu re phenomenon of britt l e mater i als subjecte d to t e nsi l e stresses 
primarily. A plo t of strength versus cumulative de ns ity function (CDF) fo r HF-I stee l 
used in the fragment a t ion shell construct i on i s s hown in Figure 7. Note the exce llent 
correlation between emp iric al data and the Weibu ll function. 

5. HAUGEN, E. B. Probabilistic Approaches to Design. John Wiley and Sons, Inc., New York, 1968. 
6. WEIBULL, W. A Static Theory of the Stren![th of Materials. Proceedings of the Royal Swedish Academy of Engineering Sciences, 

v. 151, January 1939. 
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Figure 7. Cumulative density function 
versus stress. 

The Weibull probabilit y of surviva l Ps· for individual stressed components is 
written as 1 

where: K = 1 for simple tensile stress, 

Vi = volume of e l ement, 

V* = volume of t es t specimen, 

maximum principal stress 1n the element, and 

(9) 

a0 and m are functional parame t e rs obtained from test dat a uRing the max1mum like lihood 
method . It is obvious that P5 . is volume dependent, that is, Large r volume provides 

1 
smaller Ps . numbe rs. 

l. 

STRUCTURAL RELIABILITY 

In order t o obtain Ps of the entire struc ture , the weak~~ t link concept i s applied, 
that is, it is assumed that eac h event or e l ement probability of survival 1s independent 
of any other one in the structure. Therefore, the t otal Ps i~ written as 

where : 

N 
P = II PsK, 

5 K=l 

number of elements 1n the s tructure and 

the probability of survival of t he individual e l ement. 

The corresponding probab ility of failu r e is de fined a s Pf = l-P5 . 

9 
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A series-parallel approach is introduced to examine the case where more than one 
element is required to fail in order to have total structural failure. This method is 
described by examining a four-element structure where two elements must fail (see Ap­
pendix C). The Ps. values are determined for the elements by one of the methods pre­
viously described.

1 
The resul~ant P5 for the four elements is determined from applica­

tion of the series approach. It should be noted that this method is somewhat less 
conservative than the conventional weakest link method. It is possibly more realistic, 
especially for the complex states that exist in the ATP structure. 

NUMERICAL RESULTS AND DISCUSSION 

Numerical reliability (R) results are listed in Table 2 for the fragmentation 
shell subjected to an internal pressure of 14 ksi (proof-test load) as a function of 
minimum detectable crack size . The Warner diagram method, as outlined in the text, is 
represented by normal stress-strength PDF's determined from FE solution and laboratory 
strength test results. The FSS results are obtained by applying the method presented 
in the text where the strength PDF is the result of using the simulation scheme (see 
Appendix B). The Weihull R values were obtained from application of Equation 9. It 
should be noted that both Warner and Weibull methods do not show variations due to 
changes in crack sizes. This is expected since they do not consider results from FSS 
procedures, which indicates the importance of finding a crack of at least 0.025 inch or 
less to establish at least 92% probability of survival. The Warner diagram shows an 
estimate of 1 failure in 1000, and the Weibull method shows an estimate of 222 failures 
in 1000. A coefficient of variation of 10% represents the variation in element stress 
values obtained from the finite element solution. 

In Table 3, probability of survival estimates are given for variation in crack 
sizes of 0.020 inch. The effects of FE solution errors (e.g., CV values) are less than 
for larger cracks of 0.100 inch. Mean and CV values for Krc were obtained from labora­
tory test data. The material yield strength of 140 ksi provided an upper bound for 
calculated ac (allowable stress) obtained from the FSS approach. 

Table 4 provides a partial listing of reliability for the ATP system where crack 
sizes are 0.100 and 0.050 inch with variations in CV of 5% to 20%. The effects of FE 
errors are noted as in Table 3: small variation - better reliability; large variation -
poorer reliability . The reliability numbers in parentheses are the results from appli­
cation of the series-parallel method described in the text . 

The series-parallel method which requires failure of all adjacent elements to have 
structural failure provides a much less conservative estimate of reliability. It is 
possible that an upper and lower bound on reliability of this structure for the speci­
fied crack sizes could be a series-parallel system and the weakest link approach, 
respectively. With tension and compressive stres ses existing in this structure, it 
does not seem advisable to consider structural failur e in terms of only one given ele­
ment failure. It is also unreasonabLe to assume that all adjacent elements must fail 
to have structural failur e, particularly if a bending stress exists in the structure. 

Although the FSS model is an ideatized method for es timating structural reli­
ability, it does provide a desirable alternative to the present fracture mechanics 
approach which assumes cracks are orientated transverse to the maximum principal stress, 
resulting in unnecessarily high reject i on rates . The ability to examine, at least 
qualitative ly, the reliability of structures as related to the ability to detect flaws 
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or cracks of various magnitudes can provide a guide for future NDT development pro­
cedures. If more information was known regarding structural flaw distributions, the 
FSS application could provide an excellent r e liability tool, certainly one superior to 
the present laboratory test procedures applied to brittle materials. It should be 
note d that in laboratory testing, surface flaws are often removed from material thereby 
preventing an accurate representation of the material 1 s strength as it is related to 
the structural component. 

Table 2. RELIABILitY RESULTS VERSUS MINIMUM DETECTABLE CRACK SIZE 

Minimum Detectable 
Crack Size (in.) 

Probability of Survival - Shell (Proof-Test Load) 
Warner Diagram Monte Carlo (F.M.) Wei bull 

0. 100 
0.050 
0.025 

CV (E lement Stress) ~ 10% 

KIC = 30 ksilrn:, CV = 12% 
Yield Strength = 140 ksi 

0.999 
0.999 
0.999 

0.059 
0.451 
0.920 

0.778 
0.778 
o. 778 

Table 3. STRUCTURAL RELIABILITY OF SHELL (PROOF-TEST CONDITION) 

Minimum Detectable 
Crack Size (in .) 

0.100 
0.075 
0.050 
0.020 
0.010 

5% 

0.210 

0.557 
0.972 

Krc = 30 ksilin .• cv 15% 

Yield Strength = 160 ksi 

CV (Element Stress) 
10% 15% 

0.059 

0.451 
0.966 

0.027 

0.378 
0.956 

Table 4. STRUCTURAL RELIABILITY OF ATP SYSTEM 

CV (Element Stress) 
Crack Size (in.) 

0.100 
0.075 
0.050 
0.025 

5% 

0.353 (0.960) 

0.606 (0.976) 

KIC = 40 ksi~. CV = 10% 

10% 

0 .152 (0.841) 

0.450 (0.970) 

15% 
0.079 (0.744) 

0.3 78 (0.965) 

Yield Strength = 215 Tension, Yiel d Strength 240 Compression 

20% 

0.022 

0.337 
0.935 

20% 

0.042 (0.569) 

0.325 (0.954) 

Numbers in parentheses are series-para l1e l systems; others, weakes t 1 ink concept. 
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In application of the FSS, determination of the proper number of simulations in 
the Monte Carlo method was obtained from examining the convergence rate for the calcu­
lated reliability numbers. Instead of relying on some elaborate formulation for es­
tablishing the proper number of simulations, a chart similar to the one shown in 
Figure 8 was used. All functional parameters were increased equally in number to 
examine all effects of the simulation. To examine the acceptability of this method, a 
comparison was made for R using the Warner diagram approach where normal PDF's were 
calculated from a prescribed mean and standard deviation to represent the stress-strength 
values. Results show excellent agreement with the FSS simulation method, using the 
convergence criteria for number of simulations (see Figure 8). 

500 1000 1)00 200J 2500 
Nu mber of Si mulations 

Figure 8. 

CONCLUSIONS 

The flaw simulation scheme requires that each structural element contain an isolated 
flaw of a particular geometry. This assumption introduces an idealization which somewhat 
limits acceptability of the quantitative results presented. Although these limitations 
exist, it has been demonstrated that application of this scheme can provide a sensitivity 
analysis in relation to flaw detection capabilities as noted 1n Tables 2, 3, and 4. 

The Warner diagram and Weibull approach provide a means of obtaining structural 
reliability without application of the conventional fractural mechanics methodology. 
These methods can provide either too conservative or overly optimistic (e.g., Warner 
diagram) reliability results as demonstrated in Table 2. 

The weakest link and series-parallel schemes are reasonable computational methods 
for obtaining reliability error bounds as related to structural failure mechanisms . As 
noted in Table 4, the weakest link approach represents the lower bound (conservative 
estimate) while series-parallel determines the upper bound . The latter is probably 
more realistic for the ATP system with the other more applicable for shell reliability 
computations. 

The effects of increa s ing uncertainties 1n application of the FE solution are 
demonstrated from the results in Tables 3 and 4. The results in both tables indicate a 
reduction 1n r e liability, with the amount of de c rease depending on the detectable crack 
SlZ€. 

It 1s obvious from the tabulated results that in order to have acceptable reli­
ability of the structures, one should be able to determine relatively small size cracks 
(e .g., 0.025 inch or less). 
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The primary contribution of the flaw simulation scheme is the ability to isolate 
the e ffects of the various parame t ers involved in determining structural reliabil.ity 
from a LEFM technology. The ability to recognize excessive reduction in reliability 
due to relatively small errors in the parameter can establish need for improvement in 
the paramet r i c determination. Accurate quantitative r e liability values a r e extremely 
difficult to predict; therefore , the objec tive should be to reduce the error in the 
predicti on process by making nec essary improvements in the sensitive parame t er 
determinati ons. 

The failure rate reported by the fragmentation shell manufacturer during proof 
testing was fr om 2 to 5 percent depending on the production lot. Since shells con­
taining flaws greater than 0 .020 in. were r e jected prior to proof testing, this result 
corre lates exceptionall y well with the r esu lts shown in Table 3. Although the 
objective of the paper was to obtain a sensitivity analysis with respect to the critical 
stress parameters, the results have indicated possible quantitative acceptance of the 
FSS reliabi lity computations . 
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APPENDIX A. PROBABILITY OF SURVIVAL DETERMINATION 

Warner Dtagram 

s = Calculated Stress 
S = Mater1als Stre11gth 

cJP 5 • f2!sll ds fsx fl(S ! dS 
l 

A11d P5 = jdP5 = Jiz!sJ[ ~f1!SldSJ ds 

Where f( s) ond HSl are PDF representation tor stress 
and strenqtt• values resrectively. 

APPENDIX B. PROBABILITY OF ELEMENT SURVIVAL 

Critical Stress • Strength 

Design Stress (£temel1tl 

M M 

PsK, 11M2 L L ai 
- j·l i•l 

M • Number Simulations 

where 

s 

a· • {I. Sj'>Sj } 
1 0 Otherwise 

PsK • Probability of Survival of Element K 

APPENDIX C. SERIES-PARALLEL CONCEPT (TENSION-COMPRESSION) 

Assume simply four element structure 

-(P~ p·~d_!>_sl]"P~;l--
Psl Psz PsJ 

-(SJ-~·--(!s;J--
Ps , Ps l Ps4 
e.g .. Pslz = Ps. + Ps? - Pst . Ps2 

Survival Probability for Structure 

For large structures all elements are considered with 
their corresponding adjacent elements. 
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